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1. Intreduction

Lot us consider the problem of finding & functiom u(x,y) shich satisfiss

the parabolic partial differentizl equation

, re——
2B i e See L am A ae
.

(1.1) w su £(x,t,0)
» é
. inRs 0€x <A 0<t<?T and which satisfies the initial conditions i
i
. (1.2) u(x,0) = g(x) 0<x <A

and the boundary conditions

-

o (t)u (0,8) ¢ ﬁl(t)n(o,t) - Pt) 0okt i

(1.9)
az(t)ux(l,t) . pz(t)n(l,t) - Y(t) ost.

The function u(x,y) is required tc be continuous and bownded in R + S, where 8

is tie boundary of R, except that cantinuity of u(x,y) is not reyuired at a

point of S where a Jump discontinuity occurs in any of the other functions in-
volved in (1.2) and (1.3). We assums that all functions are continuous and

{ bounded in R,

: An analytic solution for the above probles is available only under very
special conditions, We shall not seek such solutions here. Moreover, we shall <
not even consider the very isportant questions of existence and uniyuene ss.

Rather, ve slall be concerned with the study of nuserical procedures for solv=

; ing certain difference eyuations which ane obtaine shem ons uses finite differ- i
once msthods. O courss it is recognized tiat any salstions so ottainred would l
be of no value in tls event that no solution of the ariginal problea existed !

or in the event that sore than ane solution existed. Im certain cases existence

)
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and uniqueness are available (See for instance [1]) ama [6] ).
The mmarical ssthods which we shall comsider inclnde ths well-kmowm

Forward Difference method, the Crank-Ricolson msthod [L] and the Duf ort-¥rankel
method [S]., With the Crank-dicolsom method cne is usually required ta salwe

at each step a systen of simultaneous equations. This cin be done effectively
in many cases using the Successive Overrelaxation method of iteration [22]), .

Alternatively if the system is linsar, or is replaced by a related linear

system, one can use a non-iterative method, apparently first used for this

type of problem by Bruce, Pesceman, Rachfard, and Rice [2].

In section 2 we first derive finite difference representations of the
boundary conditions including two well-known methods and one which we have
not seen in the literature., We then derive several difference equations and
obtain local error estimates using methods of numerical quadrature, Next, we
consider the process known as ' extrapolation to mero grid sise', first used
by L.F. Richardson [20), Using this process one can, under favorabls condi-
tions, appreciably improve the accuracy of the finite difference mithods,
¥We imticate hovw results obtained using seversl different grid sises can offen
be used to obtaln a more accurate extrapolation formmla than one would oblain
using Richardson's formula wherein it is sssumed that the error tends to sero
1like the square of the grid sise,

In order to compare the various finite difference methods we prvpared
a comprehensive riatvine for Ordvac which is capable of sclving a lurge class
of problems by eack method, Details of this program are given in section
and Appendis, The specific protlcss which we consideied are discussed in
section 3,

s it
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The prograx may be considered as a research tool to ensbls one to study
the effectiveness of the various methods under different conditions, When used
together with a more complete theoretical analysis than we have been able to
carry out here, it is to be expected that new and significant results on
finite difference methods should be obtained,

In section S the results obtained on the Ordvac are analysed and tentative
conclusions are reached as to the order of converpsnce and the overall effective-
ness of each of the methods, For the linear case our results indicate strungly
that the use of ths Crank-Nicolson method wvith the non-iterative prucedure,
is superior to any of the other methods. In the non~linear case bowever, cne
loses accuracy with this method if one modifies the difference equatiom ir an
attempt to avoid all iterations. Further work appears to be indicated in
order to preserve the accuracy of the difference equation without requiring
too many iterations., We supggest one possible scheme for doing this, but we
have not yet tried it out on the machine,

Por the Forvard Difference method and for the Crank-Kicolson mothod, used
with the iterative process, we found that the accuracy could usually b¢ im-
proved considerably by the use of the proper extraspolation to sero grid sise.
Such extrapolition was wmore difficult to carry out for the Crank-hicolsua
method used without iterations,

As expected the use of the proposed method for representing the bowndary
conditions appeared to0 be more accurate than either of the other two cousidered,

Although this study is far from complete, it was felt that the work
which has been done to date should be reported mow, especially since oo fur-
ther wrk can be done during the next academic year. The wrk my be regarded
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as a nmatural extension of research which was begun by the Interior Ballistics
Laboratory, Aberdeen Proving Ground. One of the objects was to detersine the
order of convergence of the Forward Difference method, Extensive ealculations
were carried cul on the Bell Rolay Corputer, as described in [6), and on the
Eniac. The latter calculations have not previously besn reported, We shall
study them in section 5 along with the Ordvac results.

In addition to acknowledging the sponsorship of the OIfice of Ordnance
Research, U.S. Army, we should also like to express our sppreciation for
the encouragement and assistance furnished by the Interior Ballistic Labora-
tory at the Aberdeen Proving Cround. Discussions with Dr. W.C. Taylor of the
Interior Ballistic Laboratory and with Dr, B,L, Hicks, formerly of that lab-
oratory, vere of great value, We are also pleased to acknowledge the assis-
tance of Dr. R,M. Conlan, Miss J.M. Wood, Mr. B.7.C. Koo, and ¥r. S, Soscia

who worked at various tizes on the prograrming :! ths problea for Ordvac.
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2. Differeace Bguations

lat h snd k be positive nusbers such that A/h is en integer, which we
denote by N, and let Iy y denote the set of points (x,t) such that x/h and
t/k are integers. lst Ry, and sh,k denots respectively the eset of points

of Iy y belonging to R and to 3,(See Figure 1). We replace the problems of

i
the provicus section by.that of finding a function u(x,t) defined on “h,k + sh,k, !j ‘

satisfying a certain difference equation on Rh X and satisfying on Sh X
1] 1]

certain uther conditions derived from (1.2) and (1.3).
U

b T

4

(0,0) (a,0)
PMgure 1

equztions
In this section we derive finite difronnet'\ which *ve obtained from the

difforentisl equation and from the boundary conditions, mnd sesk to rstimate
the accuracy. Our methods are by no seans rigorous. Indeed thay are serely
formal methods utilising Taylor series expansions whenever convenient. Newver-
theless, it is felt that these muthods will give some basis for making com-

perisons of the accuraciel of the various finite difference sethods, at least
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for some cases. We will later test the comparisoms thus obtained against

pumerical results obtained for typical problems on the Ordwce

For discussion of finite difference analogues of problems involving the
infinite region -ecx<e t>o the reader is referred to papers ty Courant Fried-
richs :nd Lewy (3] and ty Pits John Ld.

In addition to deriving the difference equations we will also describe
here the associated mnricai procedures. In order that we ny be able to
give a complete description of these procedures it is convenient to first

consider the treatment of the boundary conditioms.
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2.1 Boundary conditions. Although our discussion could be extended

to cover more gsneral situstions, we shall consider only the following two
types of houndary coaditions

{(-) u0,t) = Kt) , (tx0)
(2.12.1)
(b) ulA,t) = At) , (tzo0),
et (a) u (0,t) ~ -H( (o,t}) (t>0)
a) u (0,t) = u - u(0,t) ’ =
(2.1.2) { x €
(®) u(at) =0 , (t>0) .

Here H and n‘ are constants,
We shal? at times refer to the boundary conditiens represented by (2.1.1) and
(2.1.2) as BY and N D conditions, respectively.
We first note that the initial conditions {1.2) are easily represented by
(2.1.3) L
Here 1nd subsequently we let ui’J-'u(ih,Jk), gi-g(n),m., vhere i and J are

l1ei16)1,

irtegers. Moreover, the B V conditions (2.1,1) can be replaced by

-

(2.1.4) uo’J - p’ , (086
Yy "9y 0og)) .

However, with the KD ccndition (2.1.2a) we shall consider several alter-
nativs procedures. A number of tlese ars considered by Price and Slack [9).
%e thall discuss two of thoze together with one which may very well be knowm
also, although we lLave not seen it in the literature,

In order to simplify our notation we thall consider s configuretion of
forr poirts near the lire x = 0, as zhowm in rigure 2. Ne dencle dy 1‘, "1’
X, f, the values of the respective variables at thy point cusbered i, (1 * 0,

1, 4, 5). hmknhu«uuuunuom“ormdundhrl‘. H 3

!
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t=(341)x

teosk

Typical Boundary Configaration - Left Hand Boundary

is astumed that u‘ and “S

Purhaps the cost obvious method is to replace nl(o,t) by (“1. wo)h.l in

(2.1.2a) obtaining

Figurs 2

(201.5) \IO [7 1 ¢ m‘ .

leln

Forzula (2.1.%) defines & procedurs for reprezenting (2.1.2a) which we shall

refer to as Optivn I.

have slready been obtained Ly previous calculations.

To study tle accuracy of (2.1.5) we expai. u(x,t) in a Taylor seri:s about

the point (xo,to) obtsining

‘ﬁ'“o”“&'hz'n°"' .

uail‘ (2.1.3&) ne obtlill

- hila
(:01.6) Q@ =-
0 1 eMn

Le note that the lesding term of the local error, given by the right merber of
(2.1.6) 1s O(hz). «s shall not try o eztimate here the effect of local errors

.-—hi-‘ll.... .

2(1a4m)

on the accuracy of the solution of the difference eyuation as a scluticn of the

4

. -~ S
T YT . i et e
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differential equution. Instead we 2lall attempt to mfcr‘ this frox the results

YT

of Ordvac computations. .
If coe makes use of the differential equstion at the paint (x4,t,), one

can oltain more accurste formulas. Thus, using a Taylor seriss expansion

abeut (x‘,t‘) we have
‘o.“’m’!ka!‘tt’cco .
3
ﬂs.ﬂ"h‘inhzﬂnQ%h%n’ooc °
Here the derivatives are evaluated at (x‘,t‘). Using (1.1) and the relation

u - —H(uc- n‘) we obtain

(2.1.7) % © -‘(1-.21-) + 2rug ¢ Zrhl(u‘- n‘) + kt‘

whure the leading terss of the difference between the rigit and tle left mam-

berz of (2.1.7), tiat is, the ri ht menoler minus the left menler, are

(2.1.8) "?‘m 4 gm.

Hers and gubseyuently we let
(2.1.9) rei,
b

Prize and S!.ck [19) show tlat this formula introcuces instability for r >3,
in contrast to (2.1.5) mbich s stadble for al)l r. Thus aszuaing k = rhz, where

r iz a conztant not reater tian }, we obtain fram (2.1.8)

; : ;
(Zelelo) =, xsz,,“ ¥

Thus the lealiny term of the local error is O(hS) as cozpared with O(n?) wita

Otion 1. Unfertunutely, homever, as we tlall sce later, the limitatiom ahich

mzt Lo impoced on F i3 very severe.
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e shall refer to (2.1.7) as Option II. °

»s nox seek a formula which is as accurate as qnicn II and which 1:, at
the same time, stable for all r. With this aim we expand u(x,t) in a Tnylor
seriss about the paint (xo,to) obtaining

3
nl-uOOhu‘Oth\hO%hlsw*...

.oo. .

- u -k, ¢ o =3t
Ueing (2.1.22) and (1.1) we have

Uy * g Ao + ey

(2.1.11) % (%]
1 +¢hH ¢ -21;

vLere the leading term of the difference between the right and left mexbers of
(2.1.11) 4s

‘}"2‘“‘0.', '%hs“m
1+ ’ilr'

(2.1.12)

8vicently tis leading term of the local error for (2.1.11), which ve elall call

Option III, is O(hzk . hs). korecver, since all coefficients in (2.1.11) are

positive, the formula is ;ublo for all r.

In some cuses it is convenlent to replace fo by £, in (2.1.11), obtaining

A 2
“1’m“¢’2r“¢olz"bt4

(2.1.13)

“
v 1l +hl ¢ 21;
slere the numerator in (2.1.12) ie changed Ly a term whose absolute value is
Wxe] , wiare £y o f, ¢ fu. Sirce this ters is 0(h?k), the order cf the
local accuracy of (2.1.13) is the same as that of (2.1.11). %e »1ill refer to

(2.1.33) as Option 1II'.
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Be now consider the treatment of (2.1.2b). For the simplest resreseatation

-1
we replace L by (uo- ns)h obtaining

(2.1.14) W, v Uy .

It i3 eucily seen that the leading term of tue difference between the rignt and

left meclers of (2.1,14) is
oo

2 xx )
so that (2.1.14) has the sase accuracy az Opticn I. Actually, of course, (2.1.14)

ie a epecial case of (2.1.5) wiere 8 = 0.

S = S > R,

P ; Pormula (2.1.14) reprecents the only setlod shich we used for treating
(2.1.2b). Perhaps a better procedurs would lave tevn to cansider (x5,3,) 28

an interior poimt and to use

o e ———

(2.1.18) wy oy

Here, the lescing term of tle errur is

3
‘ %‘nx’

= -

Y ;

*%_ g&@; 7 . 3 ﬁf 5
a2y £

wx L iée * ¥ k « & "- p
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widch 18 0(0%).

If cne doss mot wish to use the polit (xrt)_), which is outside the regiom,
e say cbtain a formula of the same order of eccuracy by using tle poimt (x‘,t‘)
instead. The formula may le obtained {mediately from (2.1.11) by letting B *0,

ks pet
1o ol
“1’21"6’2 o .
S |
(2.1.16) uow 1"21;

The leading term of the error is O(hs). As befors the accuracy would be pre-

served if we Teplaced f, by £y o (2.1.16), obtaining
11 2
Yy *2: g %h Ty .

A
130

(2.1.17) L e
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1 2.2 Porward difference method. PFor the derivatiom of this and other

difference equations it will be convenient to consider a typioal configuratiocn

of points such as shown in Figure k.,
OO S

+
t
L XX

<o e e @ ap oo~

‘ []
' )
e +0___ “?” to Xk
|
- e--- te(3-1)k
' [
xv{§-1)h =x=ih x=(1+1)d

Typical Configuration - Interior Points
Pigure 4

)

mn e e —

r We assume here that 1 €i€M-1 , but that j may equal sero in which case the

point (xh th) would lie cutside of the regica.
14
Probably the sinplest difference equation is obtained by replacing u, by
(“2"’0) k> and bty replacing u by (uy Ou,-euo) b2, These are familiar finite

difference representations of the respective derivatives. However, for this
method and for the others given below we shall present a derivation blsed on
! methods of numerical quadrature. Although the actusl finite difference formlas

coms out the same, nevertheleas it seems simpler to obtain the error estimates

by the sethod which we use.

By (1.1) and the rectangle rule for integration we have
ty ok Lok L'( .
(2.2.1) L f; n‘dt 'J; (||u e f)at o k(\&!d) * 2 H'ft),

0 (v}
-~ muf.-f OI\ . Using Taylor's series we alse obtain
: 1 4 )
i
i SEIUTR THETY TR R g e e R e WA ey T gty me e -—m---?"'m‘:i' '-—_:’ BT AR —
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(2.2.2) LW (v + uy - iub)h'a- '112' hz%m ® 400 o

Substituting in the previous equation we get

(2.2.3) v, (1=2r)) + rlneny) ¢ kf,

wizre the leading term of the differsnce between the right and left members
of (2.2.3) is 2 -
(2.2.14) k {(§ = ']‘2-),%“}.

Since the nuxber of time steps needed to reach a given value of t is propor-

"

tional to k™1 it seems reasonable to take
2
(2.2.5) (5
as a measure of the local error. It is well known, (See for instance [18))that
k must satisfy the condition
(2.2.6) x &}l
in order for the mumerical procedurs to be stsble, Thus the local error for
the Forward Difference method 1is O(hz).

Of course, such an analysis does not, by any means, indicate that the
2ccuracy in the large i3 of second order. %The question of ths order of con-
vergence in the large has been studied for a special class of problems hy Juncosa
and Young [12]. For an analysis of the situation in the large for the case where
u(x,t) {s assumed to possess certain partial derivatives in RS, see Milne [,17].

For B V problems with f,9,p vanishing, the convergence of the sequence of
solutions of the Forward Difference method to the exact solution of the differen-
tial equation has been proved by Leutert [1€] for rg1/4 , under the assumption
that g(x) is piecewise contimious, that is, eootimuous except for a finite number
of finite jumps, and that g(x) has a one sided first derivative everywherse.
H1ldebrand [9) proved convergence for 0<rg$ uwnder the assumption that g(x)
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is plecewise continnous and has boundsd variation. MNore severs restrictions
were imposed on g(x) for the case r=§ . Juncosa and Young [11] proved con-
vargence for r §3 under the assumption that g(x) is piecewise contimocus.

The numerical computational procedurs is extremely simple. Sirce ons
imows W o, OsisM , one can compute vy 1 18184 using.(2.2.3) which-
for a general point becomes
(2.2.7) U g " (l-er)n"J . "(‘ul,J + “1-1,3) + Ky .

For B V problems "0,1 and u"lm given and we can proceed at once to the next
row. Far N D problems we can compute ¥, ) directly from either (2.1.5)(2.1.7)
or (2.1.13) and we can use (2.1.1k4), (2.1.15) or (2.1.17) to find LR % Having

thus determined all values of L B proceed to compute values of '1,2 then
»
ui.) ete.

Were it not for the condition (2.2.6) on the sisze of k, the Forward
Difference method would be ideal for use on computing machines. Unfortunately,
when one attempts to ilmprove the accurecy by reducing h, say by a factor of 2,
then the number of time steps is increased by 2 factor of L, making the total
work increase by a factor of 8. MNore generally, one can assert that the work

incresses with the third power of h'l, or equivalently, as the third power of M.
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2.3 Crank-Nicolson method. If, instead of using the rectangle rule % !
dmu;uumummcwcoftmfmmwfcmu-md.wmtbo !
trapesoidal ruls, we obtain ! |

too x *k i
2. .1 - . - +
(2.31) w =% . Tt (a Non :
0 % .

. s .
2[(51)0 *lagly*f* ’z]-%(‘m-t * L) oo e :

(ag)g = B (ay vy - N&-'{gmn‘---

‘ (), = B2( -2u) . B :
Substituting in 31)n¢:§ % = %% “uu“” g :

" ¢ z[ne v v Y R ] - % “eema - O

P

Using Taylor's series we mn 5 i
| {

)

|

T ar—

Solving for u2 we have i
rl (2.3.2) v, - }-‘ % * 'TLT [“1’ By ust “s] Txﬁ)[ ’z] “ *

where we have neglecud the reninder whose leading terms are

. N
(2.3.3) Tor {' 12 Yoo L(‘&xu’ ‘tt)} L
We note that the expression in the braces is O(h ) as long as k - O(h). s

’_ Juncosa and Young [13] showed that under certain conditions the error in the
large 15 O(h?) provided k = ot/ | 1og hl).It is not lmown, however, wiether
this result can be extended to include cases where k= o{n).

' It is sometimes convenient to replace D byfy in (2.3.2). The additional

error which is introduced is proportional to k2 and hence the expression in

breces oceurring in (2.3.3) is increased by a ters proportional to k. Thus

1€ i tends to zero like h, the expression in the braces would be O(h) instead

? of 0(n?).

\nother modification 5¢ (2.3.2) 1s obtained ty replicing the ter X ‘z] .

vy £z, ¥ty ), l(uoov,) ). This change as made in the progrem prepared

for the Ordvac. For simplicity, we assusme here that £(x,t 18 a fenction of

B
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u alone. mqnndxn. in s Taylor ;orioa about the point (X,t ), where T-i(to*tz)
we have nz-:*}htfékzn“*...
T T
R Y LRT 1's AT
fo-?-bd:*é*’f{w- e

= e
where f = f(:),u - n(x,-) . It is evident that }(fof fz) af <+ % szu L P

and }(%nz)-u»}n“’... .
Therefore £(Huye w)) - £ kz“ f MR
and Heyot) - z(&(uoouz)) - gkz M S et
By (2.3.2) and (2.3.3) it is evident that the order of accuracy has not
been changed.
For a general point (2.3.2) may be written
(2.3.1) U, 30 " oyt ?TIE:-T[“M,J * U, a0 Y M, J"]
Tvo alternative numerical procedures are avajlable for using the Crank —\%“y“’ "' ]'
Nicolson method. The first is an iterative method wherein, given all values
of uy gs 0618, one chooses a first approximation u(o) 1? Osi €X apnd pro-

1,5¢
ceeds to iterate using the formula

() _ 1= (n-1) 2
(2.3.5) 8 g “{lor I REIT)) [“1»1,3 *ha,s Y, m e m]

_.1_[ (m)Y. (n) | ierac. e,
Tl IR | Rl I
Here the parameter @ known as the relaxation factor, i3 chosea in the range

1§w<2 toaccelerate the convergance. At the end of each iteration one

obtains ué"?”lhu solving (2.1.5),(2.1.7), (2.1.11), or (2.1.13) for w, jepusing
» s

(n) .
the latest values of Y, 301"’"“ appropriate. Sisilarly ‘I, o1 is obtained.
The iterative procees is repeated until

(n) Jfe-1)
(2.3.6) m.::ll“h”l i,jfl' <

where ¢ 13 a preasaigned tolersnce. When the iterstive process has coanverged,
one proceeds to dstermine the values in the next row in the same way.
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The choice of the relaxation factormy,which will yield the fastest cowvergence

i

can éasily be computed far linear BV problems. It is shown in. [22] that

(2.3.7) o -1 [;ﬁ:?]z

where ¥ is the paximus eigervalue of the (M-I)x(M-1) metrix
0f00...0
0PO «ea O
POBP cea ©

o s w——
- D e - Ptmee - B AR . a v Te- oe

i

0000 ..80
where f 'm{—;yn is easy to show that

PR < X,
(2.3.8) ] Tor cos ]

Lat us now assuze that k = O(h) and that, as a result, r is propor-

tional to M. Since for large M we have 1.“(«% » We can show, as in [zz],

e v o - r——————— - >  ea~
.
s O

section 4, that the rate of convergence of (2.3.5) varies as I‘!; hence the

. e .am

q number of iterations increases as lli. Since the number of points on each row

3/2

increases with ¥, 1% follows that the work per row is properticnal to .

Koreover, since thc nusber of time steps increases as K, (instead of l2 as

with the Porward Differencs method) we conclude that the total tise increases

as ls/ z-uh the Crak-Nicolson mothod compared with W for the Porward Differ-

ence method. Thus the Crank-Nicolson method would appear to be superior to

the Forward Difference method, at least for large M.
The advantage of the Crank-Nicolson method can be increased still further

by using a non-iterative procedure. Ths effectiveness of this procedure de—

peuds on the fact that for a linear system involving a Jacobi matrix, i.e.,a

-

satrix whoss only non-zero elements occupy the sain diagonal and the two diagonals

adjacent to the maln disgonal, the solution can be obtained very easily. This

B

fact was observed ty L.H. Thosas in unpublished notes [2i)and was applied to
perabolic equatices by Bruce, Peaceasn, Rachford and Rice {2) . Tms following

i taeir discussion, let us suppose we have the system

- a e e e s
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Bx v Cx, 4y

(2..5.9) ‘1‘1-1 + B“x1 + ci‘i#l O cl1 ' _ _.;‘:2 T2 3 o

Ay A

If one carries out the familiar Causs elimination procedurs, elimi-

o .

nating the elements below the main diagonal of the matrix, and then uses the
method of back substitution, ons obtains
e "l _ )
(2.3.10a) 1€18 )M}
oYy~ bi‘iq

where

q, = d)/By
(2.3.100)
4, =
1 B
qi »
By = Ab
amd

(2.3.10¢)

1618 M1,

B -Aby,

The ztability of tha comgutation procedire has been investigaled by Tics=s
in [2).

No more than about 3 or 4 times as wuch work per row would appsar to be
required with this mothod as with the Forvard Difference method., Tlus, if we
assune k » 0(h), tien the asount of work required increases as M instead o
ﬂz with the iterative procedure and “5 with the Formard Difference metlod.

Unfortunately, whten (1.1) is non-linear it is not always easy to cbtain
1inmar equations and still retain the desired accuracy.

Yor, if we use

(2.3.2), =e find that the unknosn value of u is involwd, in gneral,

$,;39

ir a non-linesr manner in the evalustion of the function f(x,t,u). On the
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other hand, if ore replaces ni,J*l by “i,J » one obtains z Isss accurate forzmula,
as diacussed above. To get around this difficulty in an analogous situation,
Bruce, Peaceman, Rachfard, and Rice {2] used an iterative procedurs together
with the non~iterative methad far aclving the linear equations. Although this
procedure =ight appear to defeat the original purposs of avoiding all itera-
tions, it is reported that convergonce is obtained after a very few iterations,

It sight not be too unrsasonable to pmaaafp a fixed nunber of iterations,
independent of h and k, to be carried out at each tims step. Thus, the Heun
method for solving ordinary differential equations is the same as the modified
Euler method (see fur instance, kilne [17]) except that one performs only cne
itsration. The local error for the houn method is somswhat larger than, but
of the zaze order of magnitude us the modified Buler method.

Ancther possible solution to this difficulty would be to use a dilference
equition involving more points. However, care must be taken to avold formulas
which might lead to unstable procedures, and also to avoid obtaining a matrix

which sas not a Jacobi matrix.

2.4 Durort-rrankel method. In [5) DuFort and Franiel obtained a difference
eyuation shich is stable for all values of r and which, st the same time, ylelds
explicit forrulas for values of u in the now row in terms of values on previous
rows. ee may d;rivo tis formula by use of numsrical yuadrature as follows.

t 1 )
(2.4.1) U = vy -‘K 2 utdt - j;‘z (\n e f)at
4

- zx[unoto] oix‘[-mor:]o... s
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Using Taylor's series, as before, we get
2
(2.4,2) nz-u‘OZk[(uIOus-ho)h-z * to] ‘{-ﬁk%‘m

. 5; (ny ¢ t;):} St Io .
If we were to neglect the expression in the braces and all b zher order terms
in (2.4.2) we would obtain Richardson's method [20], which i3 unsteble for all
values of r and is tlas unsuit,od for mumerical calculations unless very special
prucautions are taken [15]. Kevertheless, at this point we remark that the

local error for Richardson's method is

2 2
b | ¢
(2'4.3) k{ 6 u, * 3 (%t + tt)} L4
In order to obtain a stable method, DuFort and Frankel replace L) by

}(u‘ + uz) in (2.4.2) and obtain, after solving for q,,

(2.4.4) “2'%%5‘6 * I%r-(uIOns) . i%g;fo

- e BT TN el = L
— o AR e s amagt s B, Ch e v e I et e A W

e MTEY P L

;

2 2 2
Qi;kz—;{“he_uxm*%'(“nt":)—%uttf’.-.. '

Now if k = o(bz), it is evident that ths expression in the braces is O(hz). On
the other hand, if k = 0(h), then the expression inside the braces need not even
tend to zero with h. Consaynently, although stability is assured for all h and X,
for canvergence the ratio k/h must tend to sero with h, (see [SJ).

Noglecting remainder terms we have for a general point

| 2k
2e8:5) DS - - LN - UBWRS WIS L WE

Evidently, to compute u 39° one needs the values of u on the j=th and (J=1)st
]
rows, At the beginning one has anly the values for J » 0. To obtain the values
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of ufor § » 1 another procedure must be used. This point 1s discussed further
in Section 4.

i The convergence of the MiFort-Frankel msthed for a certain class of prob-

lens has been given Yy Juncosa [14].

2,5. Extrapolation 4o zero gxid size. For the process known as extrape-
lation to zero grid site, proposed by L. F. Richardson [zo], one assumes that

- - -—

the error ol(x,t.) . uu(x,t) - u(x,t) 1s proportional to h%. Here u(x,t) is
the exact solution of the differential equaticm and \(x,t) 1s the solution of
the difference eyuation with h = A/M. Usually certain restrictions are assumed

afaCaan Smvas T

for k. Bven though e,(x,t) might vanish like N", as 1s indeed true for certain
Cases as shown in [12], [13], nevertheless it doss not necessarily follow that
cl(x,t) 1s exactly proportional to N . This can be sasily sesn by considering

-a
tio case wlare o‘(x,t.) «N ain M.

i ol(x,t) wers directly proportional teo l-.,'ont could determine u(x,%)

in terms of \&(x,t) and nzx(x,t). Indeed we wonld have

(2.5.1) alx,t) = u, (x,0) * 2—.1_—1 (eputzsn) - y(xn] .

If one salves the difference eyustion for three different mesh sizes, ob-

taining u'(x,y), nu(x,y), and n“(x,y) we cam perfora a sisple test fdr the

— —— —— e P

asvumption that ou(x,y) is proportional to l-‘. Indeed, 1f the assumption

wers valid, we would hawe

“)’)
(2.5.2) o:"GT;Y 2",

By computing the ratio, p, appsaring ia (2.5.2) one can determine the proper
extrepolation to sero grid sise, provided swh exists, and also estimte the
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i degree of convergence of the sejuence of solutiom of the difference eyuaticn.
) It is not necessary to compute a itself since 2® appears in (2.5.1)« ¥e wish
to esphasise once more, that the considers®ions of this section are not rigu-
ous.
i
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3. Specific Problema Coneidered

In order to obtain some indication as to the validity of tle non-rigorous
mat hematical considerations of the previous =ection, we huvo solved some sample
problems on the Ordvac cocputer at Aberdeen. We chose problems involving either
boundary conditions (2.1.1) or (2.1.2) and either linear and non~linear differ-
ential eyustions. Actually, as will be seen in the next secction, the program
which was prepared for Ordvac is capable of handling entire classss of problems

rather than nersly the gpecific problems dezcribed below.

3.1. Boundary value problems - linear differential equation (BVL). Here

wo selected a problem for wlich an analytic sclution is readily available. The

; eyuations are

‘ L W , 0<cx<], t >0,
! (3.1.1) u(x,0) w g(x) , 0<cx<l

u(o,t) = u(1,t) =0, t&o.

The analytic scluticn for tle caze g(x) W1 is given by

& 2
(3.1.2) u(x,t) = "' Z % sin ame ™~ Pt
=1
n odd

———— . . e o s

We thall, by solving the Cifference equstions mith various mesh sizes,

attumpt to detertine the rata of convergence for Loth methads. For the Crank-

P U

Nicolson msthod we zlall let k = O(h) as L=, evan though the thecretical
results have been proved only uncer strcrger restrictions om k, [13], in an

attespt to deternine wlether a generslization is to be expected.
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S.2. Boundzpy velug problem - pon-linear ¢iffersntial equ:tion (BVN),
The folloming problem dexcribed by Hartree [7] appoars to be typical of this
class of problems.

ut-‘n’?.u Q<x<cl, ¢+2>0

(3.2.1) u(x,0) = 0 0<x<1
u(o,t) = u(1,t) =0 teo

Here u(x,t) represents the temperature in a sutstance where tiere is gensration

" of heat incrvasing exponentially with the temperature. uhen ¢ 2xceeds a certain

critical value tlere is no steady state solution and the sclution increases bYe-
yod all bounds. we :hall not study thie aspect of the protlem Wut, rather,
will vee a fixed valus of 0.8 far r, which is below the critical value. be
shall solve the problem by the Farward Difference and Crank-¥icolson wmethod
for zeveral values of h, Solutions for vuriocus values of y haive been obtained
by Hartree using a differential analyzer and the results agreed yuite well xith

sxpsrimente.

3.5. Norral derivative prctlers (DL and NDN). Here ve conzider bowx'asy

conditions (2.1.2) with both the linear eyuation

(s.3.1) u o *u OC<cx<h, t2>0

and the non-linvar eyuation

=)/u
e Lo >0.
{3.3.2) s 6 )0<x<A, t >0

The initial conditions zre
(3.3.3) f(x) = ¢ 0O8sx€ A
nlers in tie cares uvhich we giall sonsider ¢ = 05l. Actualiy, in our cagprate-

tions, ve s!all take for our initial functioa not g(x) m .03) but a est of
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——w as

ir;lue: obtained for a later valve of ¢ using the analytic sclution of the

1incur jroblem (zee for instance [8), pege 22). The values are given in

Tatle I. BEven in the nun-Iinear case, those valves are sufficiertly accurate

. D e, wSete T & s . e

cince tle non lincar term fe negligible for cnill values of 4. This adjust-
rent in the initi«) conditions v..'aa pade to eliminate arny poruiole effoct of
the ginjularity caused ly the discontinmuity of u viien t = 0. It 15 by ne
means certain thit such a precaution would te rcuestary, and for the linear d
cate at least, it =iould be posrible to detesmine anklytically the effect of
tie siipularity,

Problems of tide t:pe involving (3.3.1) are desigcnated ML and those in-

volving (3.3.2) are designatec "M, Por D! problems tho saolutian u(x,t) i
»

re rerents the te: peruture in a propellint vlere tie reaction rzte is deter-

piwé 'y tla arrlanius tera o-l/“. The orepellant is as:umod te Le a sermi-

infinfte iab, O € x <00, The prowllant is heated by a ga3d ot temperiture

L wiich occuplrs the region x € O and wlhosce influsiwco on tls prcpel unt de-

,;nds an tle [ sut trunsfor coofficiunt L. In order to Le able to usz finite .
dilfJervnce methoads we consicder @ £lab of rinite thickneza A and rejslace tiw

conditicn Lim W, = 0 by the condition (2.1.2b). surther details on the

Macical :E::um for tlazy protlers cay be found in [8).

In oirder to reprezem more accurately the niyeicsl nituu‘m, it was
zorelires necereary to introduce “ehutoff®, tlat is after a certain value of
t, u‘ iz sreatly reduced. Hoxever, we z.all not do this in owr study.

“e 2hall also not consider the cetarrin.tion of the *{gnition time® which
is tis tizo required for tle value of a(x,t) to incroasu above a oreassigned

value.
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%e 3hall assume tle following values for thc parumeters
A = 73,600
- c = .08
" n‘ - .18
He= 2"10-6
, Prior to 1952 a number of calculations were dons on this problem at the
2 aberdcen Proving uround using the Bell Relay Computer und the Bniac. The For-
ward Difference method was used withr = 4 and several values of he Te shall
zake use of some of tless results in Section 5.
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4. Descrinion of the Procram for Jotvep

To'run & particular problem with tie prusram asg precartly coded, it is
necessary to specify three major conditionsy f.c. (1) tle differerce squition
to b= used, (2)‘u.e beundary condi tions, ard (3) ihu neces:ury paransters such
as b, r, ete,

All of 4le difference equations and boundury cocilicns Jiscribed in Sec-
tica 2 Luve been cuded wi any prohlem involving thesu can bes computed using
4o program. Bxcept for “.us CKY nethod, tiie interior pcints of the (J¢l)et
row are co.puted followed by the computation or irsertion of the boundary valies
of tiat row., Tidz perrite the boundary conditions to be euzily nxified. Te
aprendix contains the detailed equuticns used in the present coding.

Unlese othorwiss instructed, Lhe ruchire - 411 asrums ilit the differemtial
eygrrtion 12 linsar. la tle nam-lincar case it §is necess.ay to {nstruct the
~actino to comite the non-lincar tern.

For e Me xothod, cince the j-th und (J=1)ct rows ere necessiry to cuem
pute tic (Jo1)et row (zee aprendix), it wac recscrary Lo cor nute the first row E
Ly u differvnt mwthod. we usud tle ¢D methid. Tls meler of rowe necercary
tuo le cocputed Ly tle ¢D rethod deyends ujoa r, wluci frvoives k, the facre-
rent in time. Tids is noted in the Appuncix,

Por tie CN xuthod, DN caze, vuen tle veluszr of Uw fur:tion beceze largs,
the ‘terative acheme »wld not converze. A fziture waz added “n the rrogram
vhotely if Ue rumter of iterutions etcevded a iven l.'o lor tim (J*1l)et row,
tle coding world revert Suck to the £D rethad and cocnince exiatation fros
tle Jth rom ueing ', share ror'e2® anc o <cr' € .

Slutaff, another €sature, can L2 cescrilec ag riducing tie pas ternratare
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(u‘) or shutting off the gas flow after time ¢ {see Sectian 3). after com-
puting J rows (™ only), the vslue of ug can be élnng-ad for the (J.*l)ﬂ- row
and the rexaining rows. o
The parameters that must bte chosen ares
b- &/A
re k/hz
S suitch - widch is tle stopping procadure where 3 » 51 stops the
machine after m ross and § = 82 stops machine wlen mex 'ui,J'
exceeds or falls below a given tolerance.
Besides these paraseters, certaln specific cases will reyuire a specifica-
tion of other inforzatiom, such ass
%(Cll) ~ as explained sbove
@ (CN) - the relaxation factor. If w is not epecified, @ » 1
18 aszumed .
v (BVN)s (.8 waz used)
H (D) 5 (20207 was used)
e (}D)s (.18 was used)
A (4D) 3 (73,600 was used)

J., u (1) (1D) - (shutoff); repluces u‘ by “(1) after coaputing

[ 4 [ 4
J. rows,

The non-linsar term was cocputed by a floating pelit subroutine with the
exponential factor being corputed by taking the first 15 terzz of the series
expansion of o . Initiaily, the exponent was norrslized; i.e. placed in the
form a°2® wisre § €|aj < 1, or a = 0 where .pprop;uu. (For the AV cases,
e = 4 since all values merv scaled by 2™, ror cuzes, the presence of the

expooent (- &) necessitated
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the normalizing procedare.) Ten, 240‘ vas ca puted falloved by a nonalization
of e¥. Since cf(‘) roa desired, the scaling prcolem was solved by the followings T
' " 2 5
.8 «

oW o a2t . (e8)2 !:

Therefore, it =as necresery to syuare o® a tices ir computing the non-lirsar 2'

tern. ' !
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S. Amalysis of Besults

In Tables II - IX we give the values of u(x,t) for the respective prob-
lems as obtained by ths various finite difference methods. Sculing flctw'l
are indicated on the tables. In each case the colusns headed }D(3) and )D(})
contain results obtained using the Forward Difference method with r » # and "
r = 1/4, respectively. Columns headed CN(I) and CEN(I) contain tle results

! obtained by using the Crank-Nicolson method using the iterative and non-iter-

ative nuwerical procedures, reepectively. For different values of M « A/h,

i the following values of r are used

P S 2

f 8 1/2

| 18 16 1
. : 32 2

v 64 4

The column headed CNN(II) contains results obtained using tle Crank-Nicolson

mathod, non-iterative and nith the following values of r

i

; Mh £
f 8 1

, 16 2

| 52 .
i 64 8

The value of ¢t can to ottained from the row nusber by multiplying the row

. nuabor by Ti% A%, Tius the row mmber eyuals t/ka whare ka is the value of ' ‘

I k correspending to M * 8 and r = 1/2. The calumn headed "Eniac® gives reszults

r T obtained on the Eniac using the Forsard Difference method and r = 1/2,
Corresponding to each of the row numbers 4, 8, 12, 16, and 20 and to the

indicated values of x/A we give tls following rezults, wien available,

.
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Here ‘\l represents the solution of the difference eyuation balng_comidored

with h » A/l. "130, .18 " 016 - ue, A~ ‘14052, B~ .sz - nsz - nls, C~» 352/‘6‘,
and D = %cs " Vg T usz. In tle brackets we give tne extrapolated -r:aluo. The

—— .-~

estimited value of p used in the extrapolation is given at the bottom of the

column, (sec section 2.5). For tle extrapolation %4 is used when availabdle,

L
stherwise ey, 13 used. An asterisk in place of e, /°Il indicates that the

computed value is not regarded ar significart, usually tecause ° is tco small.

An azterisk near an extrapolated value means “hat the value obtained {rom the

—— —— St st =

use of the scallost mesh size i3 ziven in place of the extrapolated value.

5.1. Boundary value linear (BVL). In tlis cace tiw results oitained from
tie Crank-Nicolson metnod with the iterative and the non-iterative mem rical |
procedures wore identical. Sizce the ratios cu/om are close to 4 1$:mld
appear Uat e = O(K-z) and that exirapclatim to cero grid size based:m
a ®» 2 might give good results. Indewd, if ore uses this procedure ane obtains _
alcost identical results for all methods and very close agreement with the
exact valuo as calculated from (3.3.2). Ve note that the values ottained from

the Foruard Difference method sith r = 3 and ¥ = 32 are considerably different 2

— o o 1 o Sromcdrg ©
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from the exact values and that the extrapolution process has greatly improved -
the accuracy. we also remark that for this particular problea t.h‘ Crank-
#icolson method is much more accurute than the Forward Differerice msthod

although tle extrapoluted values are practically the sams.

5.2. Boundary vslue non-linear (BVN), As in the linear case the valves
of °1/°zu are, with the kD and CN methods, close to 4. Extrapolation to sero
grid size using o ~ 4 and a * 2 yields results which are nearly the sams for -
both the D method (with r = } as well as with r = 1/4) and for CN(I). On the
other Land with the nom-iterative grocedurss CMM(I) and CNN(II), (wlere the .
less accurate difference equation cbtained by replacing f, by £, in (2.32.2)

was used), the values of °y /oz were usually between 3 and 3.5. Thus as

M
ex;ected, the order of convergence uwas less than for the other methods, Nev-
erth:less with an extrapolution using p = 3 we obtained fa.h'ly accurate results,
ezrecially for CN'i(1).

we 'elieve thut coshining CNN wnith a few {terutions, not more tr;an five,
wctld 1ncreass Lim order of convergence.

The =rror dus to using fo instead of IZ in (2.3.2) vartes approximately '
as K-l as can Le seen from corparing results of CN(1) end C(I). Tius for

tle Otk row and for 3 = } wo have

¥ Cx(I) caN(r) cw(r)-cm(1)
8 72534 72400 14
16 72668 72821 e
52 72977 72943 L i

(411 valeas have toen multiplied by 20%.)
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Examining the differences 134, 67, 34 we otserve thit they are appraximately

4

in the ratios 4121i. lence ths differences appear to tend to sero like rl.

This tends to confirm our prediction that tis errar introduced by using the

-l
less accurate difference equation is of order M

ML S D Ay ¢ — o

S.3. Hdormal derivative lipear (MPL). 1In both the linear and the non—

linear cases we are concerned with tlree options for representing the condition

C -

(2.31.2a). We firs: considsr tie results ovtaired for the limsar case for Optiors

L e

—— - —

1, 11, III ac gavsn in Tables IV, V, ¥I rezpectivaly. as in the boundary value

lirear case 1t 314 not matter whether cne uszed the iterative or the non-iter-

ative procadure for tlue Grank-Nicolson method,

For Opticr I the values cbtained by +he Porwurd Difference wthod for
r e /4 and r = 1/2 agree closely with earh cther and with those cbtained
with CNN(I) and CUi(II). Bared oh the ebserved value of p, extrarciated

valios wore chiained as 1ndicated, OF course, in this case we can ccaclude

ifttle from the fact tlut tho extrepolated values obteined from ¢he diffarent

mthods a,ree with conh tther, lisever, the extrapolatad values do agree

rather clozaly with thuse obtaired (rom rerults using Gpiion Il and III, amd

the latter tzo agres uith each ollwr., Kuseovsr, the difference “64 - u32

obtained ror CIN(1) wath Option II1 was vary soall, and thie indica’es tlat
o4
in this caze (2.1.5) (Oztion I) is a reasonably salisfactory representation

of (2.1.2a) provided cne uses the proper extrapclation procedure,

i3 probably very cloze to the trwe value of u. Thus 1t would appear that

Finally we zcepare our results sitk the "exazt® values obtained under the

assupticn that A i3 infinite, using the procedure given in (8). These values

are given on Table IV in brices. Mear the line X = A our values will not agree

e -
i TUTETIE Loe ereen e x e o
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with these “exact® values, because 1n our case A ie finitae. Neverthaless the

e

P E——
~

B 1

agreement is gemerally rather close. , :
Lo give in Table V the values cttained om the Eaiac using Option Il and .. %

the D methed with r = 3. Although the Bulac values and the Ordvac wiass . B

' listed under FD, again with r = 3, agree exactly for M = 8, exact agreenent

’ cannot be expscted for other values of ¥. The reascn for this is tlat A=64,400 - '
i

was uced for the Briac resulte instead of A=73,800 83 used on the Ordvac. On

) the Eniac, instesd of (2.1.14), the condition

Oy © %a
wa: used to represent (2.1.2b). Thus, since 64,400/73,60 * 7/8 we have exast ' l

a;reemnt in the case M=3.

30 3R by s st o T

Ch e - -

Mear tho laft hand boundary, p appcars to be rathar close to 4.0 so that

we use extrapelation baced on a = 2. ke note tlat ug, = Ugg ias small, and

this iidicates that Usn is already yuite accurate. ¥er x/A = } the use of

ST M«

p *® I teuas indicated, and for x/A »1ve used p ® 2. It appears tiat the

g

largeet errcre wcurred at the right hand boundarye.

Simyinr rasults were o tainsd fcy Optiun III as indicated iu Tadle V. - .

{
' of ccurse for Outicn JII 1t was pos:ible to use CHH(I) and thus use many [ewer

timy cteps thAn were nECesLLry for tie Pormard Differurce rethod.

It seems reascmable to supposs that, ty uzing 21ther (2.1.15) eor (2.1.17) _ ,|

Lo reprosent pore accuritoly the right hand houndary condition, and ty using \

. opticn 111 of ILL', the ratiop sculd be nearly 4 everywhwre and that extrapc-

las.ian Lased an a = 2 could lave Lecn used for all points.

]

“
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S.6. Somal duriveldre DEOmiandal (1), The Enlac results cbiained
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using the FD method [or Cpticn 1I indicale that extrapclation to sero grid’
s12e using ¢ » 2 for x/A =0, /4 and 6 = 1 for x/A » 1/2, 1 should be suite
accurate. Tie same also appears to be true for cur Ordvac results. ,‘&-cmn'
the extrapclated values ocbtained in the respective cases do not agree because
of the difference in tre boundary conditions at x/A = 1, as mentioned above.
The extrapolated vaslues cbiained on the Ordvac using Opticn II and the ¥D
pethod alsoc agroe very clozely with those extrapolated values obf,linod using
Cl(1) with Option III. It is difficult to make definite statements as to the
behaﬂor of the CNN mithcd except that the errcrs are small ard 1irregular,.
here, of course, Option 111" was used.

For Opticn I tle rutios p are all avproxim.tely 2 with all d:ffarsnce
equations as {n t'e linear case. The errors are somewhat larger and the

extrapolated valuns sommaliat less accure'e tlan w:il. Option IIY,

5.5, liachine timas.  Figuras 5 and € chow the A;praim’.c tirws required
to compute t ° ifka riws by the varicus retleds in voth the lihaar and in tle
non-linecar casey teseztivaly. The iy for BV provlens and for ND [roblang
uere rearly vl carn. Tle fivoes for tle curvues correzponéing to the 2D, éN
and CXN rmtiadz, after propor corrections have teen made to accwun® for the
S of diffe=ent ligarithaas Dases, a™ uproximately 3, 52, and 2 respec-

€
V2 and L2 regpsective-

tively., Hurce as ex;ezted, the tisss inirease ag ‘3' X
ly. For the nun-linear cases ctout 10 timrs as much machine tiae was required
as for tha lineur cases. .

Tle nuster of fterastions reniired using tle Crank-Nicolson netlhiod seered

to be nearly indepenlient of nletlor *he diffarerial equation was linear cr

non-1inear or whather BY or XD brundary caditions were used, The followirg
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table gives the vaiue of w used for each i and the approximate msber of

jterations reyuired per row.
¥o. of Iterations

X o

8 1,025 8
16 1,069 1
52 1.144 1%
64 1.375 2

5.6. Tentative zenclusiong. Considering Lim analysis of the results a3
a wheic we are led to the fcllowing tentative conzlusicnes '

3. In the linear caes, tire error caused Ly the use of arny of the differ-
ence equations ratier than the different:al ejuati.nc varies as hz- In the
ron-linear case Slds is true for the D and CN methods but for the CNN(I) and

sethods
C}CJ(II)Athe arroc varies as h.

2. Tim use < Ostion I and the corciica (2.1.14) used at x/A = 1 inirc-
duce errars of order h. Cn the other hand, the use of Optiom 11, wien it can
te used, and O:24icaz III and 1II' introduces errors of orcer ne.

Fu=ther work sr.o2ld inclde the followings

1. In the nac-iideur cazes, BVE and TN, try CNN with a ficed rucber
of iterations :nlepandent of he

2. bor KOl .ze CAN with Optaon 111' for the left hand boundary condition

and (2.1.15) or 12.2.17) to reprosent the right land Loundary corditicni.

£.7. Darclid AN @iipd. @ boave act given the Jesuils wi.izh were
obtained using tio DBY mathod. The resuits shich wers oltained indicated that

the mothad sould > Lo a3 effective 83 the CN or O zethod. ilikwever, thia

ehould be gtudied [.rther Loh analytically and by running 3ome Cases o the

it e e e
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sachine. Rasults cbtained in (5] indicate timt e must require that k @ oh)
mﬂrtoMcmrm,dM.m,mwdcmw
iadopndmtmthoonbrdh/kuh-bo. Also, tha fact that a special pro-
cdmawnntchmc“tonmuumuuawmdw

method.
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List of stbreviations

1. Differemtial B.uaticps apd Scupcery Conpitions
The fun~tion {(x,t,\.)

Syrbol 2 (1.4 Bovpéery conditions
RVL 0 ' See (3.1.1§ with g(x) mi.
mm v S (3.2.1).
NDL 1] 1/ boea (201.2).
NDM 2 Sec (2.142). .

For toth NDL and NON the in:%4a3 valtee uced are given in Table I.

2. Difference Byratjons
}D Yorvurd Difference
m(%) uses v %
'rb(}) uses r © }

c Orank-Hicolscn (1terative)

CH(I) uses =3, 1,2, 4 mith N=38, 16, 32, 64, rersectiveiy.

Cil  Crank-Nicclson (nom-1teratiw)

CWN(I) wuses ==} 1,2, 4 vith X =8, 16, 32, 68 respectively.

-l

COM(11) uses r =1, 2, ¢, 8 with & =8, 16, 7L, G4 respectizely.
De¥ Dur ort-¥ rarkel

3. Mepregentstions of {2:),2a) - {rcr ND protlens only)

Qtin PRNASY: ]
1 (2.1.5)
11 (2.1.7)

111 22.1.11;
111’ 2.1.18

- “—?’J
Bt B ot Y Tt

e s Bt

g R e s _ "V
R it e et et

Loz A AL 2 e

T A o7 S

T e

" —— T — s




2 U W o e A g e et - e

- ow

———

cab- mp—— o

£

ey

)
TABIZ I
Initial values for ND cases
(M = 64)
x/A w -107 x/A a -0 x/A u -107
1,0 1,0 1,0
0 U4 * 51128 *¢ 31000
33980 S1100 31000
« 33677 38 " 58 * 31000
33395 51065 $1000
*e 33134 * 35108 | /4 *° 31000
32094 51041 31000
* 32674 ** 31033 * 31000
52478 31026 31000
Ve  *°*32290 < 31020 *¢ 31000
52125 31018 $1000
* 31977 12 **s12 * 31000
51644 31009 31000
e 31726 * 31007 7/8  ***31000
51621 $1008 $1000
¢ 31529 +9 31004 * 31000
31449 $1008 31000
V4 31378 * 33002 ¢ 31000
51518 51002 51000
¢ 3126§ &8s *3001 ¢ 31000
51220 3001 $1000
e ¢ 5001 1 *°<31000
31150 3100} .
IS R

..-..n.u
.‘.-..u.u..

DN S e L vl it X = v, OB e nagn ol

ko

G-

as - @an

- ————————————
i ot . o AT 1

RPN

10

e PO

¥

W @R M. WWean - B AR A BT o 28 b

]

%

s ol ot ot




'{ . T S T Q‘*_xz::.-&__—”—-—,__ - ‘-q:
X ] B T "
H
[
\
' TANE I
" SQLUTICNS OF DIFFEPENCE BQUATION PR BVL
N (A1) values multiplied by 10°,)
= x- _ x=1/2
—Row X} mm:._m(_ml' n@) | @) | au(n omm
=" E— e _._.{ ——— N— — e e - —— IR R —— :
(] 17520 | 18823 | 19176 | 19313 th_._zﬂ__m i\
- 20 | _» 1(132; nm . = :%_T‘% m'x 4
T T pest/a2e ’T.igz i J%%Lh 3.97&.?. -0/1) A5/-20 )
3 s | | 29268 | | - A [ ,
'} ® s260] | fsea] | [19260] ﬁ;qg roe] i) i
e s |he Dn ;
A | s s g g |
| s B P h2% Lfgﬂf‘f&% SR/ 5.5 %ﬁﬂ% s
! Lo |l s | e |aae L | ”3%%]% ;
i o 619] | f26219] | g62 621 7 §
21 mEacr 1[2619 L 4 u_
i o8 | 35023 | st | 3sses | | ueeso | hoseo | som ' soms ]
BB e EEr s
P12 35023 1 oo L lgs20 | soe28 | | K
? 12 32‘ ";.9%5063.;%5127 e 3.68/22 f:.01/708 [ B.oAAT7 1%5 i
. - ésw 9569%' *'%“—- ’éﬁ % 3
o _EXACT 5699
:
" 3 _WB3e2 ] 64063 | 6ThSL | ORIk | 68128
i . ?0 N mp mnoﬁ’” 50” ;‘w fohaéz Ilaelg" g ho 2d m *m
RER ey
— 1 ma | g ‘
| % 8 623;1!‘0, 665 .67581~T__;6%)3 S— :gz:&z_zosxg Mm,__;g’g |
O e T LEE Ry |
. -3 7629 | 61906 J,_mezﬁ;.ggg]‘wm_ ‘%,m.ﬂ @J
: »d |
S louer | L fadl )
; R T N T N Y A A | Y A | & L}' !
S S I I ‘ §
: 3 o-rnsnurni =
3 YT I ——— - mx g




e e

Sl T e i SR ST

T e e m—— e =

- " .”
e _ [ B w
S s s ke GED mami oo e =af ai T =Y T T i«lﬁ--!« s e e e m
e ' a i
]
(2% U o351 (34 (34 soe] | fure /
\Www% @M.a @ﬂu% h!adm‘a-e- R m..n:m @n‘wl ﬁﬂ.wl hﬁqaulqlf N . 4
1C,T°8) 5P AV°3| SYACS IST=AY L-....\qn.. /2] OT=/" | 99/6°S |T3-/41°%|COT=,d°Y . w
£25%2 | 23092 | T e09vZ | &vvET T IR ——| sisT2 | SESTT [ T¥LZ ~ [ 20512 wua |l 1y— ;- ;o
Wiz L T14 ol 0~ sor- T 60z ™t To- T
0eIT | LV 88v97 | “§levT 18392 IO W I TsmTr ] moz | v — W, )
a i .
fsecay | Porcy] | fossy | bossy g ows] | fows] | fow _ o0 ﬂ WL
e (oot | Loy bomllfmn | (] |fowe) |fowe) fong | foedl L 1% ,m
TeT/1°8 | GotAe| TB/c*e ¥=/T°Y #9=/18°% T8/T°8 | BLA'R | 95/0°% 42-/T°Y {TT-A0"S ] w‘
PLTZY | B3 ZZYy | SEwY | B@ESY | T [WSHE TIDWE T WS | (W T L
o »Le LTs 33 I 3 T2 092 u: 12 80T= -
= oury | SO SECYY | BLISY |TZTICUP ﬂ.lnl.Tﬂun = dﬂalT was iJiilIlm- m. *
ut 44 baq¢:] t414) t19¢] L SLY | L $SL WLy y
— mwnﬂﬂuu Mu ﬂooﬁwm \m?ﬁ% mmnaq. ﬁhﬁu - ﬁm... aﬁﬁ - an"u.+-n~..ﬂa " 1 e
LYL/TOC (STT/EY S| 08/0'Y I3=T°Y Aca...mn.v SOT/T°8 | L8/SV°E| £9/0°% [O8=/T°Y /58"y : -
T umoo | 0GR 900Ta | ZOTTO | LEET | | GOELF T gL TTOLWLE T 9MSLE by L4l K .S P
ssy | 82y s | set- | oL~ (161 e6z | =2 | 3T~ == < M *
| vl | s e 9¥000 | TSCTO | 95729 -il..!ﬂqllguﬂqﬂﬁ_-l STUY | Wy [ ¥ T P ox
% == 14 { i
Beczi] | Foosg | Aoxi] | [sookd | FookT) m!uﬂ ?H Tu | Ssees [rsess - o
..I!.Mﬂwuumnl.g}tﬂ . F%vmm«am ﬁﬁﬂ»«.o oy °g € | M\_u.- te= o..Nt y () il ) m w m_.,
— e T thor T SOt T %Iiﬁnnlﬁsﬂi o o
= |t ¥ oeT=- | e®u- oTs 562 L2 ogt- o5~ . y i ¥
T | VIS [ OORIL | WS | YL | HOVL 1LY | BSSY _.uuuﬂ BITE | 9099t | W * %
i . -
1 . L4
[ e ool kel (el Rl e
geT/1°q TMLAe| T™R/0% se/0o°e *S| LS/Le's ] — i
— Nt SRk o Tow et Nﬁ-_ PIZ29 T TSNS T [ esede | T ST [T "
LTy | @8s 3% | T~ | 6L~ 182 tar | sz | ®T= o= b
TS Ot RS TR WETy | 006TY TIOSETY | SN | 206 v ]
ISJHJ..:El (79[ IO L S gty ;
| | e "
Yi=% 74 Sha VA T2
i
(*g0T £ poTTdyITT® senT®a TTV) i
MAL M1 ROIIVIPE IHONVAAT O SWOIUTIOS {
111 TIEVL t
i
ot
|
Py N - s I |
: o
R P o - S



—

- - ——

PRRIEDESEPS S —— —— Mw_—- —
! = i A e o WS s
4 e T
T!mME v
SCLUTICNS (P DIFFERSACE BQUATIONS POR orrics L. !
(a11 values multiplied by
—- L Lk sh=}
o mmnmnimuul_m_mm]_m_atm ! ! congy) | cmtem
T O STESE) s S = . e (L L _
o ] Mav | way ] ums] mmel ] | ns | ms ! nw ] 3y _yaon | %A |
o] w || G| g oo | i | wdn | wan e I e
% 2 1/-07j2.08/-08  [2.08/-160 4.12/-158T2.08/- 95| 202} =96 2 Al/-92
O R & < O G- 7 B =
1 & e .. 2 e B o= = ” : — s sadesoga I 4
+ —Jma 5 e R Gisn [ Tssrd ) | Beed
() oAl 1 wonmr] oo ] x| e | 200! a5 | | s | !
e [ BIRBB BERE (geue
b P 4.08/-252 2.1/-250[2.0/-212 :mn “§.05/-150 [2.10/-14 2.1/-14 2.17-1)1 '.y‘r‘}-n. 128/-7 2.20/-75 [2.1V-11]
: 2 | warn 6y u;)u i ¥0) | ¥Bw . AN | ¥6m | o1eee | 33 ! T
1 i :w 0b/.59 21/~
- ' 9 3569 1 pa mg‘-L [~ P
| I P T e B - e | N
LS :
s g ' y . 1 _ 3
S R T R IR R b R T T R e Tt R e Y
2 ) N e L
S i t e‘r/:ze! 2.1V/-214 2.1/-2y r.x’g;i -1 l2 ‘&/‘nﬁ 2. af 12) :.x/gli “w-?: 2. 19/-51. r.at!-gi :.m
% 1 = B wo] wme ] | Wb ;e ] msée | 56y ! xsee | x| |
» l . 2.a/-04 ? ou-to ;z.n.'-a
9] : - == ok S
L)
' e \Em| B By | g R | et Ary! g i| isell, Dore]
oo bl e e e el s | | o el was | wam| nng.._m now] ]
. m rrol 3553 -&i :s!s =211 =208 -2 -182 - ? 53
= 2 22 1ea 1969 - I
2. —:-l.o'z 1V-239 1.2/-224 2,0/-2}0 .o&!‘t 2.2/-10) r.*y-as 2,05/-89 1.‘!3;"-:6 2. w-y: 2.04/-29 rﬁ-ﬂ
. 4o Mz | Wno Yook 33008 gr: e | nni n;u
) . a 2.01/-114 2.09/-14 mr -1
| ; ol b | G| G| | parg| g 9| Bovil| | gl G, )] Dimg
- '
[ ] 1247 T8 | x| ) . . B P . nrs ;. _
J-m “-w. -Uto ’I?! j’% ! Jﬁ:&‘ ’?!f}' ”3‘3 % -8 | ngg nf;
h 1 ¥ ¥ | %10 | %n el | wrh | ens | omm| w, um ' e |
J13/-220 1.2/-2192.2/-206 12.1/-1% 1,69/-55 '2.7¢/=58 [2.29/-51 [1.TW/-h2 of-1 | 1a13/-5 2.00/-8 | 2.4/-5
4 o2 ] wske | xs5r | 55 | 6% 52606 | xem ) ] | mn....nm_;.ﬁn ne |
[ P 12.10/-9 Ay/-20 2.61/-)
] ) %) ¥ 1 ]! Tren]! i 3 nwsl j
pee]| B8 | B 1fad Tl ol oo | [ Pigl! sl ool fusg
e | 2| 2| 2| 2] 1 2| 2 | 2t 2 ! 1 212 2.3 a1
A =S S N ( B e o = - -
i PR . i R ST A Wt BB D bt BN ok e 8 T 8 B Bl AN o A SRt T T ST e -

- e -,
-

'
'
i
H

g e e [ ot e e T




SQLUTIONS (F DIFFERENCE POMATIONS POR

orr1s L.

(A1 valees mltiplied vy 1eF,)

h=}

E_

e ——

i E

£

-1} -k
awn .

" :;g_ém

s

~pi g h‘_;-'-sia

o

piap oy

r.‘g}f'f, fi.;ﬂ-.?f .1
b} -1 I §

2.1/-%

R =7, B8

[NPGRS —— S
.

i ¥
_ | 154 |

g )

217 |
.{v}-g.'l:.mf 2
32543 | 3
{8
fesod], Dot
9 1 »0% l - 13
=5 M

. X2 | Nl

n
1.49/-26 2.1 2.44/-29
uni

nn: ’%

g 1, B

|

nrs | s
-5 -1

| 311 | k0
1.Y/=% 2.80/-8

- ]’ R 5

s

2 |
T

i

I3

3

[1]

t

t

¥

| el

B

1

.

'

e

P

Ld]
-
el
-

~ 1
o

N

i

L

T

o

R

&

B

T =




_—

rr—— P By ~ e
' - T EERT A U S
—————— e - — ]
—— R W ———
of o e gt - o Sale
»

TABLE ¥

SQLOTIONS OF DIPFERENCE EQUATIONS POR WDL, OPTIOM IT (s nd)

(m;::i- mltiplied ty 105,)

nd) | a

ENIAC md | @) ENIAC m@i) | cu(d) |

] SN I B

T¥%s60 | ¥k 13388
21 | . -24

] wsn el 1
B 3.85/-1 2.66/-4

et T

[
o 1)

{
i

bt | iy

Sjasto. ] xs130 (¥nh | m;z 1.2y pange

| G 5 ) 1 N A 5 [ 7 U

=17 -2h

i
J_

o4
Ll

!
|
!

o | 38 | s )
. » R & - (| —
s.g;o-d 1.0/-1

R e

o

|
1
|
|

ma i%-“.____

38/-51 1 /2| T

b g — - gy -

. . ' .
QWMy & & - ADDIOON -um"m‘o-.o‘ COnPant e CANSRIDEL j8 WOOS AW SuPEPNNA NG, SOV
P . ;

¥ | B

XU N | %87

e —

h.o/-10

ol e

266 | R (36k ] ,moz.n né_ a3 |

. S

D T SR

- - -

Gt B @ —

— 2 e . .
- ey . .'-'.-'-— &1 4 (N
. “4
- o
- -
hy — T bR A
e e e o e S




et i et e Pt
T A T e

\

e o — e g i o T
v ———— e
b -~ -

TABIR ¥

OF DIFFERENCE EQUATIONS POR ¥DL, OPTION II (2 ud)

_— «E:nn&' w1 v lé., !11& 1[A‘1

paac_ 1 ) | oud) ENIAC | ro(d) | on(d) mm_]_mm__ﬂlm_
ﬁjsngmr s Tl lem

B I S .
3.85/-1 2.66/- 2.2/-66
3526 9299

" (os2h] Y ] ﬁs;i{ T

-17

I R e s S i e _D1% | m”,, ams |~
r;sm Jposree |1 Pamtey | oames ! 11852

1
L.0/-6 2.8/-4 ' 2.2/-kh

& | B

3,826 | 3826 |808 | 2616 | 3216 laesmy } ] uxwe uxe |uke
=21 -22 oy -l 9| -5
pitL ) SRR S 5737 T I -3 L1 R N 1S U

e N » *é‘g}b e ”““"‘ﬂg%* — = :

ea | 006 .mng noe | | mﬂmox_mm__.

B 4 o -

I S N | HIENE

10 e -
B ettt sl Aty b IR 2o

e e L

w‘: e 'M




{
N
4
i e I
SOUITIINS OF DIFFSAYNCS ®OXsTIONS PR KDL, OPTION YIX
t (111 ralws witiplisd ty 20%,)
"L L5 - xegd- i
] n rp(d) 1oz ) | om(1) ) | om(r) | m}) | om(1)
Tl T iwsnn lasos ] liweo [aww | . |39 I
= o= &e meg 23 > . mn -2 g’é ’;‘x)g -1
’ m “ bﬁg m-ﬂ— T ,;;3; 605,2; % go’/".ﬂ o ’ 2.0/-“'— ,o ‘i’ -
s @ _|hof2y | hosoe 1 _Jes2s xs23 1 eyt | ___ [nge }.
3 $.0/1 »/0 B 1.1/h 2.Y-%
?. & |} _ _ W2 —1 R T 969
i 10 [;mi %% 931/
]
(— — ] dmme b Iares [ nri
e T s
s g m ] 1 - A%
: u u 1‘3§ hom ./'2 ’JOSA ./‘, ,od" Q.Y-U 70.‘/’”
3 x» 793 . 39;;0 X699 zfséoﬁ 4. __lmea 31116,11_ . 511, ;1;723
H )0 2 o .F - LY ¢ Al
$ G _ 5 b buw o 1. |
s & & iy e
: ] mg mgﬁ m&g ng 4 - rhg .. “ﬁfsx'““””” - nﬁ g
i 1
R I S e B Lo B R b i s 20 28
1 /-1 | L.25/8 /=3 o
p » Wy | 89 | U ST, S S mL-J%L_, ——— T 2
3 h'g{, lc,.olx » 7'3{-’,“
g e R A
58 vre s nes | mm |
; (] m“ mg | 2 ) }: nlzw 884 n_" _B;
: e 1¢ wir | s L R 2 4 nost
f ‘/l-’ J-zm 1.2/9 )-P/S 5.3/) 0/0 l.% 3.0/-2%
2 » 37190 mes - 531 BBV 1] Lo jnees Inses | 1non | 3ok
.. & .V) 28/? /0 ’;,‘,4;‘
: 3,;71:3] _ % —— ﬁ‘}::%-h SN (NS 0y
; 005 | 21019
; ] 36))’: ‘,‘6.5% . n&g )ﬂﬁ F--..._,,_mg“ mi L __in : .
: Wy | 8l ﬁ i 001 __| 0030
» )
/0
% m

T O g e 5 b kg

-t

. < od ’
ST G T S I
z BT e ikia

. @

.o
a3 R T S O B A s 1t

9 "
o X
e ol e e e




l %
e e I e e T R = R i
‘ e e =T e S = =
NS T
aaiein o mn-:‘mn:g-.m:.
Ao R .A-‘ m-’
B ¥ n{ﬂil"ﬂh{l cm(1) o com(rr) cu(z)e | ro(eud) | g om(t) [om(r) | cu(1) |ve(nd) {vein}) c(i) |@an(rr) | cu(r) |ro{rd)
_ I TS PN e S A Rt ) | R i T ke
i S s'#nls Lﬁﬁm S 'b.z%hﬁri = ] "F.&d‘m 4B
. v b fassm b L L P s | 1 ['xoda | AR )
E & T PR ' Lla AL '
.d . : L osess | wany | wens NEV-'S ; x| sty | nme
MR REE R A eI F I e
t W | & et/ fa21/-n -11 B20/-105] 2o -] | The/-6 par/sy | }20/-46
f R ;Pmum R e - g e B B B iy 1 st et S
Y = [ 2 i . | i
: Lucse] Gaetd | Qa2 | (] | Buvo] | o] | Girod] | (50 | Ginsd |[ieo] | o | Boeed | 08 | o] | 553 | (s
T ' w0l Euom iuur WO | oLy | sk | W | 3 | B3 | ke m.km]nm1mrnm_m_
: AP EEAEgE SF 1K 3 A A A
gy " r.&%s{ s ii‘:ﬁu z'.”rg/j&m'ﬂ 1.98/-124 b.35/=111] 7.05/-100 15/ | 'g.w-f,o 7.10/-4h [3.04/-3]
i » W1 pama tawsa f o feate f o Lo pom fo . fomel | rﬁ,mhh o
! & I. 4 P ; = s
| () 523 | | o] | D] | Biod] | fuosq Gl | Biord | s | G550 | ss [ 5750 [ i) | (5T |[ong
' I 1 ! nsse | mook | 3une
- ‘ ”ﬁ#’ﬂ#;ﬂ“ﬁ&éﬁ?’ﬁﬁfﬁ}‘:ﬁfﬁ%*“ﬁ’%%m o | 2
o fon (SR e ) Lk | ) e ,m B Rl T~
; : Mg ,.ﬁ:‘;‘, v o T [ nea | }ms nz | -
: : ] o] (o8] (Gl (D] | 5] | s f;ﬁj Besd] | fons) [[uawd] | Puseg | piase] | [osei] | fesk] | [eon]
i ] el | nn !ml mn_Tmn 2850 Imn lm 2l | ¥in na nad o u¥e | nK) | nvé Jm%
NP EAE I AEAE A S g - S R ]
7.1/-1) t.ﬂ}-ml.l'/-lﬁf o 55/-5% | ‘,an; -Al E r;el?sl t“ug /-1
» wn | Lo | L cm—u PP Rt s
@ ! # ' ' : .
53] ’{?mylfwrgj | Doxnd (D] [yug [Beesd] | f‘.-ssrj fﬁmﬂ [en] M-I]_'m::] H[n_m“[nm']:[nm] [2008]
. 4 2 :}a[:§: .:.ig{p.[a.._..!_a :.%.a ? -2
R TS J0 T s TR S S O O M AN S A
IS WL & o ST MRS — =y
»I =

e #




Lafmad —— I T T e

— T e e A — . , .
NS v
SAITINS OF AUYTIAENCE [ .4 ]
e} A=} M=l

D _roired) [omtr) |om(m) | oxr) [roged) vognd) [cmin) |emtin) | ea(n) | enieh) | roiadd) | con(r) |cm o(1)
| i L 1 i O -

o % ;m: st il > 0 | . ;6| 3 e

PERETR P A

§ D o) o 3‘5‘1:17.%7‘ B

|
87k L | sty ,.m.h%-h ! Jom |
L

PR S

aoh | A1) | MAA | iso | ixk | axh

-7k -17) =180 | ﬁ J-}u:g -150 -152 =128 -158 «1L§ - 199 | <105 | o200 | _ .
. Mls2 | %6 | > s | awn | w2 | oanar |amn | | nws | . lam |
o, Rt R 1o/l e pidif s VTS NN PRV OXS,  —
b ILW-S: T ~Thvee] | FAAT PR P

[ond *GRY | B ([ | | et G5 | o {53 | o | | R G [ |

| v | s ] 5% | xus | g | um | em | wma | e | nws | o | sy | o | e 1
st e | exs | cas | s | o | ons -9 | .18 | - | el au | -0 =
cxae [ wn [ mn | e | axsh | pehr | wésh [ 3aflr | psse | mwr [nam | el nye [ uka |
1A P.15/-111 2.0/ . 75/-49 . 30/-50 {2.18/-4k 2.04/-3) pA4/La (2. T/AY -
i , Yuto | ywom | péor | ! véok | oy | |Tnow] D i G (i
: poaa/-s5 ! 08/-24 : RITAT ) . - -
E . et = - — 1 . ~ L. = E e
(g (Girmd ol | [T [ Bl | 050 (5790 [ o] [l | oo | [ [ |
f wrsy | owanr Lom | osow | nses | oo } 2002 | nsea | yeoh {uos Iy - msplua {as Lo l
¢ =217 | -XR =170 =705 =1 -£3 59 =51 =70 =13 .” ~53 -il . 52 -
LM L voms |y oo | ke | mee [ onesy | meky | wesk | nosd | anca | .m.uu.mu_._]
R R T e o I 1 e B S
X RITY ' B 2V-1) i i G 717 el SRR —
[1eys] ﬁ% s | ) h‘img [nevy [ pusse] | [asod] | [resk] | [oone] lsmq‘mm.[ﬁujl 1 {
Cuew | pses | wan | ven | onxe | mse | me | nwy | nwe | soon | wow |7 udes] wmoen ) nem §
*:!: F:;,ig '-u !}g x Ju:: 11133 nm n.'lg. J.llﬂl .llﬂ': 2| na Jt:.i._'
T e hon/a 1 5 7.64/-8 [2.8/ T T Tiaie oo =
a0y | e nuvk My L I 5 S ™
1.72/-23 241/ | :uv.a S
A (Y [ ][] |Guosefeos] i | o] | o] | D] o] | [ el | ] |
T . 2 [ 3 ) a1 s !. [ 2t 8.3 1 1| 31 3 4'_4___,_12?._..1
‘i,.._ . ' . - --I S _— - —_— — = oo ‘

TN e e B R R . SRS e

-
-
e e . e e—— o ———— et e Meue @
A e T M I PP AT e - - - —

e, .~




| o o e
4] | i ||

e ——
= - r =T
!
[} 1
|
' l ll.-l .-.lol-ll LI R A L] L ) [] ll'...l-lliil

T LELA AT

3 ;
_lwe | e +2all
T T I TS 55K | TOosK 7
] 58 ost] " ]
= T B eg : w E.:.D..tﬂ — V.
' i SERCT ] Tomx 4 w
N T °3 -/9°1 _ = /0K =M om=/us¢| — | ~—
I T - >xl S, 4o Ml
1] L w_Lr | w- | o= | Wse = 1 — [
_ 1SITC] SSOCC [ WRTT _ (- el .y oS EER A 0 S N
N ! : G feme
» v b i T [ 3 e b, 55 (RS (R 1
Y R R TV [ TY .. 0 N . G 5 T Ty I L
HI..J-.-.I S . S b i b e | - 'Y et 80§ v M-IJ..- ¥ m
O T T v (T [ | :Hmr:.ﬁ_ !l_ = “
™ Y= L/ vy
(*gPT &0 porIdiaITwS Semina TTV) ! |
*(§34) IT WILO ‘S0 Wi GOLIVN DRI O BDLLIYS w w
I vl S
“
-— v.




e .
—— e

e —— P e

O adacaiinds

=i i x o e o) : .
- S FRE | i §
. L ¥ . o S . T S, (5 QRN J———— . O - é :
T e 12,1 . —
H 1 oj T o e Foig | “ofe | - =i C-At- puss /8
s e B A D1 S 0 R e |
ks o s e e = o el O il e 1l B cll B m. M\mmh L
R S et s U — o — "
L]
S — : i . . - T
! . E Joos 06 . Vi 0 o —— [xad] @BE i i
i — ; : A wel X-/o*S < | :
B Salls ..M.u | - 357, st 5=k | o _p-/ic G.M.m :
—I e | N . Rl ekl o= | o= ull m.. B ol Rl B _
”lﬂ.ﬂllﬁﬂll& SO LW I WRC UK UK Vow | —thow +—tw I
. ol ol |_fosd ™ q g a“n N S
’ 1 : (o | a=/50¢ mh.... < " :
— o || || e R | — |
ERR R ﬂmﬂ 8 I#uﬂ» h.rt. L M...lwﬂlwm” : 3 L
Yo e e s —bsc B Eﬂ-lndh‘} jlsﬁ.w-? T =r
| Besxtl| po] (osend)| fistee E#ﬁﬁ_ | vt fymem] — —f——1
= /1601 | 9/ €=/19° | ey Ero
R 1) B s g e =k
BNE A8 A Gt TR | e )
— miramtls 5000 9OOTe | ROeTY Jnﬂ._ﬁlnﬂﬂwlzan I B S L B 0 0 S B S m
“ _ v ’
_ ! | _ s
T — T hl T i = | s 08 e T e
T T T T T T I W O
T T = e i § Tt Y “ J.q.llﬂ Ty T M | —
e T v :Hulﬂaﬂl_luaﬂ TeTo— YT v 1020 -t 2 o =
| _ : ! _
T Y =t TV =
(4P £a porrdiarmm eomtaa TIV)
“(§=a) 0 ‘BN W4 SOOIV DEIEALC O DOLLOS
IT1: FEVL




( e S e — =

e e = = e Sttt
52
Appendix
\ Yormulas Used for Ordvac Program
;
Notations
u ~ ag discussed in Section 3
b 1!‘
uil:; - value of function for n-th iteration
m ]
i : Bracketed term included anly for the non-linear case.
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Compute 2% rows by FD technique using r', where r =» r'.2% } 0O=r'ggd.

Tet 2% throw by FDbe J = 1 (first row) for ¢F. Thens

. 20 - 2 .7
Oy a1 " Teari®e1,y * T1e1,5 T 0y, 00 N 30 0 1«5‘“]

l€igk N-1 3 Il

. where o =< yve ? BY

- 1/u

. L ] 1’1 ND

The boundary conditions are the zame as for the FD method, both BV and ND.
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